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CNj ' Formal expressions are derived for the multipole expansion of the structure functions of a gen- 

eral polarization observable of exclusive electrodisintegration of the deuteron using a longitudinally 
polarized beam and/or an oriented target. This allows one to exhibit explicitly the angular depen- 
dence of the structure functions by expanding them in terms of the small rotation matrices d J , (9), 
whose coefficients are given in terms of the electromagnetic multipole matrix elements. Furthermore, 
explicit expressions for the coefficients of the angular distributions of the differential cross section 
including multipoles up to L ma x = 3 are listed in tabular form. 

y—i ■ 

> 

oo 
m 

O 1 I. INTRODUCTION 

in 

o 

, The special and fundamental role of the two nucleon system is well recognized. It plays the same role in nuclear 
f^) • physics as the hydrogen atom in atomic physics and is underlined first of all by the fact, that A TV-scattering is of 
crucial importance for fitting realistic A./V-potential models. Secondly, the deuteron constitutes the simplest nucleus. 
It is very weakly bound and allows an exact theoretical treatment, at least in the nonrelativistic regime. 

Over the past decade we have made a systematic study of inclusive and exclusive deuteron electrodisintegration with 
special emphasis on polarization observables jl] . The main purpose of this study was to reveal to what extent the 
use of polarized electrons, polarized targets and polarization analysis of the outgoing nucleons will allow a considerably 
more thorough and more detailed investigation of the dynamical features of the two-nucleon system than is possible 
■ without the use of polarization degrees of freedom (d.o.f.). 

With the present work we continue the study of the formal aspects of this reaction presented in . In Q we have 
formally derived all possible polarization structure functions as an extension to previous work in photodisintegration 
J^,[l4|. In view of the large number of observables, we have addressed the question of independent observables in 
the more general sense in considering a two-body reaction of the type a + b — > c + d, for which we have derived 
a general criterion for the selection of a complete set of independent observables. Subsequently it has been applied 
in Q to the electromagnetic deuteron break-up reaction which can be considered as a two-body reaction in the 
one-photon-exchange approximation. 

It is the aim of the present work to derive the multipole expansion of the observables of this reaction, which allows 
one to represent any observable as an expansion in terms of the small rotation matrices d J m , m (9), whose coefficients are 
determined uniquely by the electromagnetic transition multipole matrix elements between the deuteron ground state 
and the various partial waves of the outgoing two nucleon scattering state. Our approach is based on earlier work 
in deuteron photodisintegration in which the multipole expansions of the unpolarized differential cross section 
and of the outgoing nucleon polarization without target orientation of [^],[)| have been generalized to all possible 
polarization observables. Analogous techniques have been applied in pp| | for the description of polarization effects 
in Oj, A)-reactions on nuclei and in JTlj ] for polarization observables in coincidence electron scattering from nuclei. 
In [|1 0f| only photon polarization degrees of freedom and outgoing nucleon polarization is considered without including 
effects from target polarization, whereas in Jll| the latter are treated, too. In particular, in [ pd| detailed expressions 
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are given for the differential cross section of deuteron electrodisintegration including beam and target polarization 
and for one-nucleon recoil polarization without target orientation. 

A multipole decomposition will be very useful for a detailed comparison between theory and experiment. Past expe- 
rience in deuteron photodisintegration has shown that a study of the multipole decomposition of angular distributions 
often helps ascertain the reasons for any serious discrepancy between theory and experiment. However, one should 
keep in mind that such an analysis is managable only if the multipole expansion converges rapidly so that not too 
many multipoles contribute significantly. This is certainly true for photodisintegration at low and medium energies, 
say up to the A-resonance region, but not for electrodisintegration in general, because for energies and momentum 
transfers along the quasifree ridge, the multipole expansion converges slowly. But this is the region where the influence 
from final state interactions (fsi) is minimal and thus this is not the best region for testing the N iV-interaction. Away 
from the quasifree ridge the multipole series converges quite rapidly, at least below the ridge, for example at a final 
state cm. energy of 120 MeV and q 2 < 2 fm 2 , as has been shown in |12[ ]. On the other hand, this is just the interesting 
region where fsi and two-body currents become significant allowing a much more stringent test of a TV TV-potential 
model and its associated two-body current operator. Thus a multipole analysis can become an important tool for a 
detailed analysis. 

First we will briefly review in the next section the general structure of an observable and its representation in terms 
of a bilinear Hermitean form in the current matrix elements. Starting from the multipole expansion of the current, 
we then derive in Sect. pTfl formal expressions for the coefficients of the expansion of an observable in terms of the 
small rotation matrices dLi m (&). Some explicit expressions are collected in two appendices. 



II. GENERAL FORM OF AN OBSERVABLE 



We will begin with a brief review of the general formalism for an observable in e + d — > e' + n+pas derived in detail 
in [ |L A different approach has been used in |l3| but there is a one-to-one correspondence between the observables 
of [ L§| and ours as shown in detail in the appendix A of Q . In the one-photon-exchange approximation, the most 
general form of an observable "X" in d(e, e'N)N and d(e, e'np) is given by 

0(n x ) = 3c(fci ab , k^ b )tr(T^ x T Pt ) , (1) 

where 

c (AJ»b,j#b)= " -** (2) 

V 1 ' 2 ' 6tt 2 k\ ah qt V ' 

with a denoting the fine structure constant and q 2 the four momentum transfer squared {q = ki — fe). Here, k\ and 
ki denote the momenta of incoming and scattered electron, respectively. 

The scattering geometry is illustrated in Fig. |l|, in which we distinguish three different planes which all intersect in 
one line as defined by the momentum transfer q, namely the scattering plane, the reaction plane, and the orientation 
plane containing the axis of orientation of a polarized deuteron. The principal frames of reference arc associated 
with the scattering plane, namely the laboratory frame and the cm. frame of the final two nucleons, which is related 
to the former one by a boost along q. The z-axis is chosen along q and the y-axis in the direction of ki x ki and 
hence perpendicular to the scattering plane, and the z-axis such as to form a right-handed system. With respect 
to the cm. frame, we will denote throughout this paper by 9 and 4> the spherical angles of the relative momentum 
Pnp — {p c ' m ',9, 4>)- Thus the spherical angles of proton and neutron momenta in this frame are 0^™- — 9, (j>p m ' = <p 
and 9^ m ' — tt — 6, 4> c n nl ' = <t> + n ( see Fig. [j]). The final hadronic state is furthermore characterized by the excitation 
energy e np . Finally, 9 d and cf> d denote the spherical angles of the deuteron orientation axis. 

The T-matrix in ([!]) is related to the current matrix element between the initial deuteron state and the final np- 
scattering state. Characterizing the initial deuteron state by its spin projection m d on q and taking as spin degrees 
of the final state the total spin s and m s its projection on the relative Tip-momentum p np in the final rop-cm. system, 
one obtains for the T-matrix between the initial deuteron state \rrid) and the final np-scattering state \sm s ) 



T S m s Xm d (8^) - -7T^2a Pnp E^-E c d m -/M d (sm s \J x (q)\m d ) (3a) 
= e« x+m ^t smsXmd (9) , (3b) 

where 75 c m - = yj M 2 + q 2 and £^ m ' = \/ AfJ + q 2 denote the nucleon and deuteron cm. energies, respectively. We 
would like to remark that the choice of the coupled-spin representation of the T-matrix is not essential. One could as 
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well take the uncoupled-spin representation T\ p x n Xm d where X p / n denote the spin projections of the proton and the 
neutron on the relative momentum, respectively. It is related to the coupled-spin representation by a Clebsch-Gordan 
coefficient 

T\ p \ n \ md = ^2(^p^K\sm s )T smsXmd ■ (4) 

srn s 

The structure functions describing any observable do not depend on the choice of representation, only their formal 
appearance in terms of T-matrix elements will be different in the different representations. 

Each observable X is represented by a pair X — (a' a) with a', a — 0, . . . , 3 referring either to no polarization 
analysis of the outgoing nucleons (a', a = 0) or to their polarization components (a', a = 1,2,3), and fix is an 
associated operator in the spin space of each of the two nucleons. In detail, if no polarization analysis of the outgoing 
nucleons is performed, one has 

fii = Qoo = t 2 (p) ® l 2 (n) , (5) 

and if the polarization component Xi of the proton or the neutron, respectively, is measured, 

^io = c Xi (p) ® l 2 (n) or n 0i = t 2 (p) ® cr Xi (n) , (£=1,2,3). (6) 

Finally, the polarization components X{ (p) and Xj (n) of both particles are represented by 

fii j = cr Xi (p) ® a Xj (n) . (7) 

The resulting observables are listed in Table | and are divided into two sets, called A and B, according to their 
behaviour under a parity transformation 

Since the T-matrix of this reaction is calculated in the np-c.m. system, the spin operators refer to the same reference 
frame. In the Madison convention the polarization components of the outgoing particles refer to a frame of reference, 
for which the z-axis is taken along the particle momentum, i.e., in the reaction plane, the y-axis along q x pi, i.e., 
perpendicular to the reaction plane, and the x-axis is then determined by the requirement to form a right-handed 
system. However, one should keep in mind that the spin operators of both particles refer to the same coordinate 
system with z-axis parallel to p np and j/-axis along q x p np , i.e., perpendicular to the reaction plane. Thus the 
polarization components of the proton are chosen according to the Madison convention while for the neutron the y- 
and z-components of its polarization have to be reversed in order to comply with this convention. 

Furthermore, in order to account for a possible target orientation, the initial state density matrix in ([j]) comprises 
besides the density matrix of the exchanged virtual photon the deuteron density matrix p d , which we take in the form 

^W^H^E'^ J md ^PU-^dUm, (8) 



where Pq — 1. We use throughout the notation / = y/2I + 1. In (g) we have assumed that the deuteron density 
matrix is diagonal with respect to an axis d which is called the orientation axis. Therefore, the deuteron target is 
characterized by four parameters, namely the vector and tensor polarizations Pf and P^, respectively, and by the 
orientation angles 9d and <pd describing the direction of the orientation axis d of the polarized deuteron target with 
respect to the coordinate system associated with the scattering plane (see Fig. [[]). Note that the deuteron density 
matrix undergoes no change in the transformation from the lab to the cm. system, since the boost to the cm. system 
is collinear with the deuteron quantization axis fl5| . 

Any observable X in d{e,e' N)N and d(e,e'np) can be represented in terms of structure functions fa" >IM± (X) 
(a S {L, T, LT, TT}) and is given by 

2 / 

O(fix) = C(fci ab , fc^) E P f E { ( PL.fL M (X) + PTti M {X) + P LTf^ + (X) COS^ 
1=0 M=0 

+ p TT f^+(X) cos 2^) cos(M0 - 5? |) 

- (plt/lt~W sin </> + Ptt/tt sin 20) sm( M 4>~W |) 

+ h[( K p , T rt M {X) + p' LT fl™-(X) cos0) ahx(M4> - ~5f\) 

+ PLTfLT + (X) sin0cos(M0 - 5?^)] }d I MQ {9 d ) , (9) 
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where d 3 m , m {9) denotes the small d- function of the rotation matrices [Q, and 4> = 4> — <j>, 
In particular, one obtains for X — (00) the unpolarized cross section as 

So = c(fci ab , fc!, ab ) (p L f L + p T fc + pltIlt cos </> + ptt/tt cos 2<f>) 



(10) 



using as a shorthand f a — /^ 0+ (l). One should remember that the nucleon angles and polarization components refer 
to the cm. frame. 

The kinematic factors of the virtual photon density matrix p a and p' a are given by the well-known expressions (note 
Q 2 = ~<ll > 0) 



PLT = PQ 2 Ur¥' PTT = ~Q 2 ^, 



(11) 



n> - I R-Q— f a' — ±f) 2 , £±£ 
Plt — 2 P ^y^c T ~ 2 V C ' 



with 



^lab I 



I -* n \ ) £ 



C = t an 2 (V) 



(<? ) 



(12) 



where /3 expresses the boost from the lab system to the frame in which the hadronic current is evaluated and q' 
denotes the momentum transfer in this frame. 

The explicit form of the structure functions in (ph has been derived in [|1 and are given by 



fi M (x) 



f' T IM {x) = 
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l+Sf U l}IM\ 



x ) 



(U° X 1IM ± (_)J+M+5 X , BW 017- 



Here 5j is defined by 



<5f := (S x ,b - Si.iY , with 5 x ,b ■= 



1 for X e B 
for X e A 



(13a) 
(13b) 
(13c) 
(13d) 
(13e) 
(13f) 

(14) 



distinguishing the two sets of observables A and £>. In the foregoing expressions, the W's are given as bilinear hermitean 
forms in the reaction matrix elements, i.e., for X = (a' a) 



Ua'a M = 0m;,A'm' d ( S ' m sl CT "'(p) CT a(")l Sm s>^m 3 Am £! (m d |T^ I |TOd> 
s' 'm ' m'sm s md 



(15) 



where the irreducible spin operators with respect to the deuteron spin space are defined by their irreducible matrix 
elements 



(l||r[ / ]||l) = V3I, (7 = 0,1,2) 



(16) 



Explicitly one has for the W's 
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1 1 T l 



with 



^^Eh^^^Eh^U I -JE^ji 1 4<'f/M, <j.7, 

t'v'tv So ^ ' s's s' S 5 



vajm--*V3 51 ( m+S "'(to' -m Dim' -m, - ff ^w'™^™' ( 18 ) 



/? / , 77? * m 771 



and transforms the spherical components of the spin operators o"j> (r = 0, 1) to cartesian ones a a . It is given by 

s™ = c(a) 5 ~, , (S ~. . + c(a) (5 ~, J, (19) 

with 



c(a) = 5 a .2 - 5 a i , c(a) 



r(a) = 1 - 5 Ql o , i/(a) 



1 for a = 0, 3 
for a = 1,2 



for a = 0,3 

1 for a = 1,2 



(20) 



For later purpose we note the following properties 

(O* = (-) a - a C, ^ = (-)^c, (2i) 

and 

(") T C = , - (-)*- 1+tf -»C . (22) 

The W transform under complex conjugation as 

(tift")' = {-) M U^~ M . (23) 

Note that f°°~(X), f™~(X) and fl° + {X) vanish identically. For this reason we use the notation f a (X), fa°(X) 
and fl°(X) instead of f° 0+ (X), / a 10 ~P0 and f™ + (X), respectively. 

The structure functions fa" 1 IM< " ± \x) contain the complete information on the dynamical properties of the NN 
system available in deuteron electrodisintegration. They are functions of 9, the relative np-energy e np and the three- 
momentum transfer squared (<f c m ) 2 . Both the np-energy e np and (g c m ) 2 are taken in the cm. system. 

Finally, we would like to remark that for real photons only the transverse structure functions contribute. The 
corresponding photoabsorption cross section is obtained from (Q) by the replacements c(k l { lh , kif h ) — * 1/3 and 

PL -> 0, p LT -> 0, p' LT -> 0, , . 

PT^\, hp' T ^\P2, Ptt^-IP?, [M) 

where P ; 7 and P£ denote the degree of linear and circular photon polarization, respectively. 



III. MULTIPOLE EXPANSION 



In order to have a convenient parametrization of the angular behaviour of the structure functions it is useful to 
expand them in terms of the small rotation matrices d? m , m (9). This will also facilitate the analysis of the contributions 
of the various electric and magnetic transition multipole moments to the different structure functions. It is achieved 
with the help of the multipole expansion for the i-matrix. We take the outgoing rtp-state in the form of the Blatt- 
Biedenharn convention [p.7| 

\psm s )^ = ]T i(lQsm s \jm s )e- iS i r ; < j( /);„ ,„ (R) \pjrn,) , (25) 

Hjmjl 
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where 5^ denotes the hadronic phase shift, and the matrix Uf s is determined by the mixing parameters ej as listed 
in Table ||. Furthermore, R rotates the chosen quantization axis into the direction of the relative np-momentum p. 
Here, the partial waves 

\ l xjm j ) = Y,ui, s , ll Ws l )jm j ) (26) 

l's> 

are solutions of a system of coupled equations of AW-scattering. Strictly speaking, such a representation is valid 
only for energies below the pion production threshold, because above this threshold the np-channel is coupled to the 
iVW7r-channel. However, if one is not interested in the pionic channels, one can project out them with the price that 
the phase shifts become complex, where the imaginary parts describe the inelasticities. A further consequence is, that 
the radial functions, which were real below pion threshold, become complex too. 

Although an uncoupled representation like the helicity basis ]Tq ] is preferred in high energy reactions, we have 
purposely chosen the coupled representation because AW-scattering data like phase shifts and mixing parameters, 
to which all modern high precision AW-potentials are fitted, are based on it. These potentials are constructed in 
order to describe ATV-scattering data at low and medium energies to a high degree of accuracy and thus it is quite 
natural to make this choice for the multipolc analysis in order to provide a more stringent comparison between theory 
and experiment and thus a finer test of these high precision potentials. In addition we would like to remark that 
even though the coupled-spin representation originally was introduced for a nonrelativistic description, it still can be 
maintained in the case that leading order relativistic contributions are included. Furthermore, we will briefly show in 
Appendix |a|, where we give the multipole expansion for an uncoupled representation (valid also for a fully covariant 
description), that one can still introduce formally a (^s)-representation. 

In the convention (Eg) , the multipole expansion of the t-matrix reads 



tsm.\mM = (-)V 1 + ^a,o E -{lm d L\\j mj ) (I0sm s \ jm s )0 LX («i*)4, JTO . (0) (27) 



J 

Lljrrij f-L 



Lljrrij fi 

with 



O LX 0*jls) = yfee^Ui > ( 28 ) 

and 

#a (W) = 5 W)1 (E L (jMj) + AM l ( w )) + 8x, C L Qij) , (29) 

where E L (/ij), M L ([ij) and C L (/xj) denote the reduced electric, magnetic and charge multipole matrix elements, 
respectively, between the deuteron state and a final state partial wave \fij) in the Blatt-Biedenharn parametrization. 
If time reversal invariance holds, these matrix elements can be made real by a proper phase convention for energies 
below pion production threshold. This is not possible above this threshold. Parity conservation implies the selection 
rules 

{C/E) L (fij) = for (-) L +i+» = -1 , (30a) 
M L (nj) = for (_) L +^ = 1 , (30b) 

which with (— = l leads to the relation 

O l -\mIs) = {-) l+1 O l \mIs) . (31) 

In order to obtain the multipole expansion of the quantities U x , ^ M in ( |l7j ) , we generalize the approach in photodis- 
integration JtJ to include also the charge contributions. Thus we will start with the multipole expansion of u s x , s ^f h[ {0) . 
Inserting the multipole expansion of the i-matrix of (B7|) into (|l8|) one first obtains a rather complicated expression 



4'X% = I ^3(1 + ^^(1 + ^0) 

E h 1 



in in ^ in m 



m+s' — m' n ( 1 1 ^ \ ( S ' S ^ 

m! —m M I \ m' —m s —a 
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V (_)i'+l'+Am',+ m 'f y ( 1 # ^V 1 ' s ', ^) L ' x '(u,'j'l's'Yd j ', ,(9) 

^ K ' M to' A' -mW V m' s -mW VP J ; w.m^v ; 

E R^ + — J ^ J m J^(^)<. ms W, (32) 

which, however, can be simplified considerably with the help of the Clebsch-Gordan scries of the G^ n , m -functions 

d C m> (0) d L m (0) = (-r°~ m > V K 2 ( (. j K , )( 3 '', j K , ) d«._ m , m _ m , (9) , (33) 

m.ro \ ' m 3 m B \ > \ l \ m' — 77),„ 771. — 77),' / \ 77), , — 77),„- 777, „• — 77),, / m J ™l m s m s \ I \ J 



K 

and a sum rule for 3j-symbols yielding 



E 



s' s S \ f I s j \ fl' s' f \ f f j K 
m' s — m s —a J \ m s —m s ) \ TOg — / I — td, s — o 

<->^««'2>' 2 ff * o)(T J 1)1", l Tl < 3 ") 



m+m - 



rn.nijrnni 



1 1 I W 1 L j \ ( 1 L' f )( f J K 



where k = A — A' + M. Then (|3^) can be written in the form 

4'fiM(°) = E <'XiM K d^-x- M A 6 ) > ( 36 ) 
if 

where the coefficients are given in terms of the e.m. multipole moments 

4&'m K = \ H S ' +S+CT E C x ' XIM ' K (L'j'Lj)J2K' 2 ( S a K a K Q 

L'j'Lj K> V 

E(-)' ff '(o o o){ S , ] , l v ^O L ' x '{n!j'l'srO LX {txjls), (37) 

with 

e yA '"' *'(£'/£)) = (-) v+i 2y / 3(l + i A -.o)(l + M f j t k' 

Z'U-X M -A A-A<){? t ]} m 

The latter coefficients possess the symmetry properties 

C- X '- XIM > K (L'j'Lj) = {-) L ' +L+I+K C X ' XI - M < K {L'j'Lj) , (39a) 
C x ' XIM - K {LjL'j') = (-f+*+?+j C xyi ~ M > K (L'j'Lj) . (39b) 

The coefficients ([37]) vanish obviously for 7^ < | A' — A — M\ . Furthermore, for a given K, according to the 9j-symbol in 
(|38|), only those multipoles L' and L contribute to ( |37| ) which fulfil the conditions \L' — L\ < K + I and L' + L > \K — I\ 
simultaneously. On the other hand, limiting the multipoles to L' , L < L max , the coefficients vanish for K > 2L max + I. 
Furthermore, one finds easily for the coefficients lit Aj^V the symmetry properties 
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s sSo, K 
U -X'-XIM 

/ s sScr, K \ * 
\ U X'XIM ) 



(-) 
(-) 
(-) 



I+S a'sS-<r,K 
U X'XI-M 

i'+s+A'-A ss'S-a, K 
U XX'I-M 

I+S+s'+s+X'-X ..ss'Su, K 

U -X-X'IM ' 



which follow directly from (pl|), ( |37j ) and (p9|). 

Finally, with the help of (JIT]) and (p7|) one obtains the coefficients for the multipole expansion of U x , 

7 /X'XIM 7/ X'XIM,Kk iK (A\ 

"a' a = "a' a d A'-A-AT,«W ■ 

The sets of the possible k- values are listed in Table OH and the coefficients are given by 



X'XIM, Kk 



where 



with 



U. 



E c 

L'j'Lj 



X'XIM, K frl-l 



(L'j'Lj)n x ^ KK (L'j'Lj) 



E (j'^'jZs) O l ' A ' * (//j'ZV) O iA ■ 

fl'l' s' (lis 



(40a) 
(40b) 

(41) 
(42) 
(43) 



vK«(j>i's'jis) = (-) l + s '+ s i'is's J2 (-) T ' +T T'f s y s ™ 



S K K' 

K — K 



if' I V 






(44) 



Similar expressions have been obtained by Raskin and Donnelly j!]] for two cases: (i) differential cross section with 
beam and target polarization, and (ii) polarization of one outgoing nucleon without consideration of target polarization 
(see Eqs. (2.94) and (2.95) of (ll)). Our result is a generalization to all polarization observables. Furthermore, our 
expressions are slightly different in their formal appearance, because we have separated explicitly the dependence on 
the target orientation angles from the angular dependence of the outgoing nucleons according to (^|). 

We would like to point out that the factorization in (42) is a manifestation of two ingredients. Firstly, angular 
momentum selection rules (Wigner-Eckart-theorem) and coupling schemes connected with the e.m. multipoles are 
contained in the coefficient C x XIM ' K {V f Lj). This part is independent of the choice of the representation for the 
partial waves with good total angular momentum and also independent of the type of observable (a', a). On the other 

hand, the second factor £l x , x ^ KK (L'j'Lj) reflects the structure of the spin operators of the final-state polarization as 
evaluated between the final-state partial waves, and thus depends on their representation. The ^-coefficients for an 
uncoupled representation are given in Appendix |A|. 

The ^-coefficients have as symmetry properties under interchange j'l's' «-> jls and under complex conjugation 



V^ijlsj'l's') = (-/ +i+t ^ V^j'l's'jls) . 



V%- K (j'l's'jls) = (-) 



l'+l+K+S) 



V«l(j'l's'jls). 



(PSWjIb))' = (-)V-) V«l(j'l>s'jls) , 
which follow straightforwardly using (|2^). Here we have introduced as a shorthand 

With the help of (p8[), one can write U^,^ 1 ^ 1 in a more compact form 

K {L'j'Lj) VSXh'j'm) Ntf* (///) Nfoj) , 



5f\ 



j, X'XIM, Kk 
U a'a 



.6 



(2) 



L'Lfi'j'fij 



(45a) 
(45b) 
(45c) 

(46) 
(47) 



8 



where NHfij) incorporates the phase shift for convenience, i.e. N^(/j,j) = e lS ^ N^(fxj), and 



J 

ls 7 fi ' 



(48) 



l' s'ls 



One should note the angular momentum condition |j' — j\ < K < j' + j. 

Equation p^ ) is our central result. It allows one to organize the presentation of the coefficients of the multipole 
expansion in a very efficient way, because the dependencies on the initial state polarization d.o.f. (virtual photon 
polarization and target) and on the multipolarities, contained in C x ' K (V f Lj), separate from the dependencies 
on the observable and the final state quantum number fi, contained in T)^, K a (ii' j' \xj) . 

With the help of the symmetries of (E9h and (filf) one easily finds for V the following symmetry properties 



t$ZWm) = (-) 



K+ii'+j'+n+j+S 



+«5 (1) , 



(49a) 
(49b) 
(49c) 
(49d) 



The symmetries of ( 39b ) and ( 49b ) allow one to derive a simple relation for the hi under complex conjugation 

[U a , a J =(-) c.«o c«.-)W a , a . (50) 



This relation follows also directly from ( |23| ) using (-) K = (-)V,«) + V.<0 (see Table |mj). From Q follows that 

^a^a°' K ° * s rea ^ or imaginary for A' = A, A/ = and k — 0, depending on whether (— )*(<»'.<») "*"*(*»', a) is equal to I or 
— I, respectively. 

Finally, one obtains the general expansion of a structure function in terms of the d^ l , m functions, which are related 
to the Jacobian polynomials in general, but for m! — or m = to the associated Legendre functions [ fL9| , 



K, k£kx 

(') IM(±), K k 



*( X ) dK M-f3(a), K {8) > 



(51) 



where (3(a) is listed in Table IV, and the coefficients fa (X) are obtained via ( |13| ) from the foregoing 

multipole expansion (41). One should remember that an observable X is represented by (a! a). Defining 



C 



IM,K , T i ; 



(L'j'Lj) = 



8tt 



TIM, K ,ji -i 



(L'j'Lj) = 



1 + S M ,o 

32\/3 
1 + 5m,o 

16 7T 

1 + Sm,o 



C'"** (L'j'Lj) 



1 + Sm,o 

16 7T 



C 00IM ' K (L'j'Lj), 

nlK 2 (~) l j'jJ2J 
j 

c niM, K{L , fLj)) 
nIK 2 (-) L j'j'£j- 



J I K 

M -M 





L 




) [% 








j" j K 
L' L J 
III 



(52a) 



^^( C ^^(L'j'Lj)±(-Y 
1 + om,o v 

32^/6 



M -Af 
+ M C 0U ~ M ' K (L'j'Lj) 



V L J 
1 -1 



f 




A' 


L' 


L 


J 


1 


1 


7 



(52b) 



niK*(-) L j>jJ2j 2 



C TT (LjLj) 



V L J 
-1 1 

8tt 



>M,0 



J 

J' j K 
V L J 

1 II 

-XXIM,K 1 t I Al 



J I K 
1 M -M - 1 



±(- 



J+M 



J I K 
1 —M M - 1 



(52c) 



(L'j'Lj) ±(-y 



I+Mq-UI-M, K( T i -i 



(L'j'Lj) 
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16V^3 f T y 2 , \T, ~l - ti \ ( J I K \ , , ,T+M f J I K " 

2 —M M - 2 



V L J 

-1 -1 2 



J 

f 3 K \ 

V L J , (52d) 



III) 

one obtains in detail for the longitudinal and transverse structure functions 

fI M,K K{x) = Cl M ' K (LyLj)VKWj'M)Xe(f?^>rt C L '*^f)C L (f,j)) , (53a) 

f* M ' K "(X) = J2 ^ M ' K (LyLj)5^y^j)ne^ + ^ N?*(j/f)Nfojj) , (53b) 
f T iM,K K{x) = ^ C^ M ' K (LyLj)V^fM)^[^ + ^ Nt'W)NHM)) , (53c) 
and for the interference ones, distinguishing observables of type A 



/™ f± ^ K (A) = ^ ^"(LyLfiVpM'M)^' + *<"'-> A^ViO^iVi)) , (54a) 

L'fi'j'Luj 

f ™±,K« {x) = J2 cl^ K (L'j'Lj)V^'j^j)ne^' + C^ C L '*^j')N^{M)) , (54b) 

L'fi'j'Luj 



and observables of type B 



L'n'j'L/j,] 

fM±,K K{x) = C[^ K (L'fLj)V^j^j)ne^<'^ C L '*^j')Ni{M)) , (55b) 

f L iM±,K K{x) = C[^ lT ' K {L'j'Lj) Va'aip'fvj) Sm^* +<5 c*'.°o C £ Vi')#f(w)) • (55c) 

L'fi'j'Lftj 

With this we will conclude the present work. In Appendix [b| we list more explicit expressions for the unpolarized 
differential cross section. Furthermore, we have established a "mathematica" program, which allows one to evaluate 
explicitly the coefficients C and T> for any observable up to a given maximal multipolarity L max from which one can 
obtain the explicit contributions of the various multipole moments to a specific coefficient of the expansions ( |5^ ) 
through (|5^). As an example we list in Appendix ^ the coefficients C up to L max — 3 and T> for the differential 
cross section up to j max = 4. Upon request the authors will provide these coefficients for other observables and 
multipolarities. 
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APPENDIX A: MULTIPOLE EXPANSION FOR AN UNCOUPLED REPRESENTATION 

We start from the scattering wave analogous to (|25| ) in the uncoupled representation jl8) 



|pA p A n )<-) = -^=Y,3\P3m j ;\pK)Di n A (R) , (Al) 

V 4 7T . 

where A prl = A p + A n , and \pj rrij; X p X n ) denotes a partial wave with good angular momentum j and projection rrij 
on the photon momentum. It is defined by [ p"8[ 

4 71-3/2 f (-) 
\pjmj]X p X n } = —j— j d{af3j)D^ Xp Ja 1 P 1 j)R a p J \pX p X n }\ g l 0(t>=0) , (A2) 

where i? Q /3 7 denotes the rotation operator through Euler angles (a, /?, 7). Then the multipole expansion of the t- matrix 
reads 

t W x d (0) = (-) X VTTd\o £ (lX d LX\jm 3 )0 L \ J X p X n )di ljX J9) 

Ljrrij 

= (-) 1+x x /^S x - J2(-) L+m] (x 1 d A -L)° LX ( jX ^ d ™^> ^ 

Ljrrij 

with 



LX (jX p X n ) = [5 ]xll (E L (jX p X n ) + AA/ L (jA p A„)) + 5 x . C L {jX p X n )\ , (A4) 

where E L (jX p X n ), M L (jX p X n ) and C L (jX p X n ) denote the reduced electric, magnetic and charge multipole matrix 
elements, respectively, between the deuteron state and the final state partial wave \p j rrij; X p X n }- Evaluating with 
this form of the i-matrix 

U^ M = ]T ^A; l A'A^(A;i^(p)|A p )(A:ja Q (n)|A„)tA p A„AA d (A d |rl / / 1 |A^), (A5) 

one finds, again ( |4l| ) with the coefficient of the form (^). However, the explicit form of £l x , X ' KK (L'j'Lj) is now given 
by 

t'v'tv \' p \' n \ p X n V P / X 

f/ { K \o L 'X{j'X' p X' n )*0 L \jX p X n ). (A6) 

\ A P n ~ A pn 

This result is quite general and is also valid for a covariant description. The further evaluation will depend on the 
specific properties of the partial waves of good angular momentum chosen in a given dynamical approach. 
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For example, if one introduces the Zs-representation according to [JL8| by 



\p(ls)jmj) = j ^2 i(^Xp^X n \sXp n )(lOsX\jX)\pjmj\X p X n ) , (A7) 

yielding by inversion 



and 



\pjmj; X p X n ) = \ ^2"l (^Xp^X n \sXp n )(lOsXp n \jX pn ) \p(ls)jrrij) , (A8) 
L \jX p X n ) = I J2HlXp^X n \sXp n )(l0 S X pn \jXp n )O LX (jl S ), (A9) 

^ Is 

one recovers an expression analogous to the one in (0), i.e. 

n^ KK (L'j'Lj) = ■DZ K a (j'l's'jls)0 L ' x '(j'l'sy O lx ( 3 Is) , (A10) 

V s'ls 

where T>^, K a {j'l' s' jls) is given in @). 

APPENDIX B: MULTIPOLE EXPANSION OF FORM FACTORS AND STRUCTURE FUNCTIONS OF 

THE DIFFERENTIAL CROSS SECTION 

In order to obtain more explicit expressions for the multipole expansion of the structure functions of the differential 
cross section 

/f M(±) =J2rt )IM{±) ' K <l«M-e( a) ,oW> ( B1 ) 

K 

using a simplified notation since in this case k = and thus is left out, we specialize (|5^) and ( |54| ) to X = (a' a) = (00) 
and find 

= \ E (R L ' + ^' + l) ((-) L+ ^ + l)cl"> K {L'j'L3)VtfWri) 

L'n'j'Lpj 

^e(i s '^C L '*(f,'j , )C L (fij)) , (B2a) 
f T M > K = Cl M < K (L'j'Lj)V™(»'j'»me(i s ^^ (B2b) 

!lt^ K = \ E ((-) L ' + ^' +/ + l)clp K (L'j'Lj)V™Wfri)te^ , (B2c) 

L'n'j'Lpj 

f T T ±,K = E C^*(ZYA^oV/M^ (B2d) 

L'fi'j'Luj 

fJM,K = _ C^ M > K {L>j>Lj)VK\»>j>M)Zm^ (B2e) 

f UM±,K = _1 £ [(-f+^' +l)c[^ K (L'j'Lj)V^W , (B2f) 



L'p'j'Lpj 



where 



^W'w)^ B-)" ? *(o o o){?' ( B3 ) 



Note, that we have included the selection rule ( 30b ) for the Coulomb matrix elements and that the tilde over the 
multipole matrix elements indicates the incorporation of the hadronic phase factor e lS ^ . 
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Now we specialize further in order to obtain the angular coefficients for the unpolarized differential cross section, 
So = c(fcl ab , fc> ab ) ( [plSl + PtIt] doo(0) + p LT f* T d K w (d) cos + P tt^ t d K 20 (8) cos 2^) , (B4) 



by setting I = M = in (@2) and evaluating C°°' K (L'j'Lj) in (§2) with 



L' L K 



Writing for simplicity fj^/j- and fllyTT instead of f® /^ and /{^/Tr^' respectively, one obtains 



-4^ 2 £ (-) L ' +i+J i'i 



L'n'j'Luj 





L 






j 




(o 





o) 









((-)*'+"'+'' + l) + i)v$>Wm) 3te(c i# V/) C L { M ) 





j 






L' 





L'^'j'Luj 



-1 1 I] L L' 1 





j 


1} 




V 





L * / , ./ -f\ t\tL i 



(B5) 



(B6a) 



(B6b) 



(B6c) 



(B6d) 



Finally, we will give the explicit multipole dec omp osition of the various inclusive form factors. The form factors 
can be obtained from the (K = 0)-coefhcients of (p2|) according to 



F W-M = { _ )I+ M (1 + g Mja) | (/ W/M + ,0 _ ^-,0) . 



(B7) 



Using 



z .7 



and 

C x ' kIM '°(L'j'Lj) = 6 j ,, j 5 M 
one finds for K = from @ 





I 




){? 


1 


J} 



■yX'XIM, 00 _ , _ ,\ ... i 



R A+i *m.v-a4i/ x /3 (1 + <J A ,o)(l + &x;q) 









){t 


1 





(B8) 



(B9) 



(BIO) 



One should note, that in the foregoing equation, the real part of the hadronic phases of the final states has disappeared 
because the multipole transitions L' and L lead to the same state \fij), whereas the inelasticity, denoted by p^, remains. 

Formally one finds nonvanishing contributions for M = A' — A only, i.e., fj^i'^, fi)r 1=t '° for I — 1,2, J^. 10 ' and 

/tt 2± °- According to (B2), they are the real or imaginary parts of products of multipole matrix elements. As already 
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mentioned, in the case of time reversal invariance, these matrix elements can be made real by a proper choice of phase 
convention below pion production threshold. Therefore, those contributions involving the imaginary part vanish below 
pion production threshold. This refers to /j^ 1 ^ and f'jyj^ 1± ■ If, however, one considers the np-channel above pion 
threshold without explicit consideration of the -/ViV^-channels in a coupled channel approach including isobar degrees 
of freedom with complex propagators, the multipole matrix elements cannot all be made real. In this case, the latter 
two form factors become nonvanishing Q. Whether this is an artefact of such an approach is an open question. 

Now we will list the multipole expansion of those form factors of c?(e, e')np, which are nonvanishing below pion 
threshold. They have already been reported before in [JD. The unpolarized form factors are given by 

p T = ^f-J2 irr^ EL ^ 2 + i ML (^)i 2 ) > ( Bllb ) 

the vector polarization form factors by 

*&r 1 = 327rV2 £H J (o \ \)\ L i i )}e- 2f tSte[C L '<J*3rNfoj)], (Bile) 

2#° = 16** £ -1 l){ L i I %- 2 <MNt'{MTN?{M)], (Blld) 

and finally the tensor polarization form factors 

F? = -16- 2 /f EH J (o o){l' \ %- 2p »MC L '{MTC L m, (B12a) 

Fir l ^^ ] lfY,(-y( L Q L i l){ L i i fy-^w&'wrNtm, 

F T= 16n2 \fl E H J ' ( L i L l l){ L l 1 )\e- 2 ^M^\MYNL{M)l (B12c) 



F 2 ? = l^^-Y.{-Y{-1 -1 l){ L i l (B12d) 
Above pion threshold, the following additional form factors appear in d(e, e f )np as has been mentioned already above. 

F& 1 = -32W2 (-Y ( L q \ jV^' \ l ^e-^^m[C L \ M YN^ M )), (B13a) 

LL'jfj, 

- 1 = -32^^ EH J '(o -1 l){l' t ^e-^aml^'CMiWOfj)]. (BISb) 

We would like to emphasize, that if one considers the completely inclusive process d(e,e')X, the corresponding 
additional form factors will vanish as long as time reversal invariance holds. 



APPENDIX C: LISTING OF THE COEFFICIENTS C UP TO L max = 3 AND V FOR THE UNPOLARIZED 

DIFFERENTIAL CROSS SECTION UP TO j max = 4. 

As an example, we list here the coefficients C and T> for the unpolarized differential cross section. First we will 
consider the coefficients C which simplify considerably for the case of no target polarization, i.e., 1 = and M = 0, 
and obtain 
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(L' f Lj) = 16 n (-) 



K+j+l ~i 



C^ K (L'j'Lj) 



T 

00, K 
LT 

00, K 



16vr(-) 



L' + L+j n t - 



(L'j'Lj) 
rr (L'j'Lj) 



16n(-) L ' +L ^j'jK" 



V 


L K\ 





J 


L' 


L 




-1 t 




V L 


i 


-1 


V 


L K 




-1 2 



f 3 K 
L L' 1 



3 3 
L L> 



K 
1 



K 



3 3 
L V 



K 
1 



3 3 
L V 



K 
1 



For K = 0, the only nonvanishing coefficients are 



C^/t (L'j'Lj) = 16 7T fyj J L%L . 



(Cla) 
(Clb) 
(Clc) 
(Cld) 

(C2) 



Limiting the multipolarity to L max = 3 and thus < K < 6 because K < 2L maXl the nonvanishing coefficients for 
K > are listed in Tables through |VIII| . One should note that C°°' R '(L'j'Lj) = for L' + L + K =odd, and 
C^ 0, K (L' j' Lj) = for L' = L and K =odd. In view of the symmetry relations in (39) we list for C°°' K (L' j' Lj), 
C^°' K (L' j' Lj) and C^ K (L'j'Lj) only the values for j < j' and for j = j' only the ones for L < L' . The other can 



(C3) 



be obtained from 

For the differential cross section ((a'a) — (00)), the coefficients V become quite simple. From (E8j) one gets 



(-y 



V, M ^,2 (-) 



j'+j+K (3' 3 K 




VI 



I' I 



V I K 




j' 3 K 
I V 1 



II j II 1 



and in particular for K = 



L 3 



(C4) 



The remaining nonvanishing coefficients V are listed in Tables IX through XVI for j < j' < 4 and for 1 < K < 8, 
because for a given maximal multipolarity L max the maximum j-value is j m ax — L max + 1 a nd K < 2j max . In 
these tables, we have already made use of the selection rules contained in the 3j-symbols in (C3). This means that a 
coefficient vanishes if j' + j + K = odd for // = /i = 2, 4 and //, fi £ {1, 3}, and furthermore if j'+j + K — even for 
fjf = 1,3 and /i = 4 and vice versa. For j — j' only the coefficients for fx < // are listed because of (fil|). Again the 
coefficients with j > j' follow from the listed ones using (f49|). 

These tables allow one to determine explicitly the contributions of the various multipole moments to the coefficients 
of the expansion of the structure functions in terms of the d^, m (£?)-functions. 



TABLE I. Notation for the cartesian components of the spin observables and their division into sets A and B. 



observable 


1 


X p 


y P 


Zp 




Vn 


z n 






set 


A 


B 


A 


B 


B 


A 


B 






observable 




Xpljn 


XpZ n 


UpXn 


y P y n 


DpZn 


ZpXn 


ZplJn 


ZpZ n 


set 


A 


B 


A 


B 


A 


B 


A 


B 


.4 
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TABLE II. Listing of the matrix W . 



I S /I = 1 

j — 1 1 COS €j 

j 

j + 1 1 sin £ 3 - 

3 1 



2 3 4 

— sin ej 

1 

COS Ej 

1 



TABLE III. Listing of the sets kx determining the summation values k in the multipole expansion ( |5l| ) of a structure 
function for an observable X = (a' a). 



a' 





3 


3 


1 





2 


3 


1 


3 


2 


1 


2 


1 


2 


a 





3 


3 





1 





2 1 


3 


2 


3 


1 


1 


2 


2 




{0} 


{-1, 1} 




{ 


-2, 0, 2} 





TABLE IV. Listing of the values of (3(a) in the multipole expansion (]5l|). 



a 


L/T 


LT 


TT 


(3(a) 





1 


2 



1G 



TABLE V. C°°' K (L'j'Lj) for L max = 3 and j max = 4 



\L J Lj) 


Cl 


(L J Lj) 


Cl 




Cl 


(L J Lj) 


Cl 


(Lj Lj) 


Cl 










K 


= 










(1010) 


16 

T 


(0101) 


16 V3 7T 


(mi) 


16 


(2121) 


16 AT 


(1212) 


16 fr 

T v5tt 


(2222) 


16 


(6262) 


16 R 
— V0 7T 


(2626) 


16 fn 


(3333) 


16 

77^ 


( O A O A ^ 

(3434) 


48 










K 


= 1 










(0110) 


— 167T 


(2110) 


16 X T 71 

V o 


(1101) 


-16\/3 7r 


(2111) 


.-1 /TT 


(1201) 


16 75 7i 


(1221) 


-f V2 7T 


(2211) 


r» a n 

24 v§* 


(3221) 


144 

J7r n 


(2212) 




(3222) 


-16v^7T 


(2312) 


16 

f V 4:2 TV 


(2332) 


-if V3tt 


(3322) 


32 V / ^7r 


(3323) 




(3423) 


144 A3" 
TVs 1 










K 


= 2 










(1111) 


8^71 


(2101) 


16^3 71 


(2121) 




(1210) 


-f TTOtt 


(3210) 


i6 vT" - 


(1211) 


-8\/T0 7T 


(2201) 


-1675 tt 


(2221) 




(3211) 


-16 TT 


(1212) 


-§770 TT 


(2222) 


7T 


(3212) 


^75ti 


(3232) 


7 V 7 


(2301) 


16V77T 


(2321) 


-ley/XTT 


(3311) 


16^ 


(2322) 




(3312) 


-i6 vT 


(3332) 


-f TTOtt 


(2323) 


-64^ 


(3333) 




(3412) 


f 715ti 


(3432) 


16 /TO" 

7 V 21 " 


(3433) 


40 /6"_ 

-— VI" 


(3434) 


40 /55"^ 

-— V T^ 



if = 3 



(1221) 


f 77 TT 


(2211) 


16 vT" 


(3201) 


1675 TT 


(3221) 


_ 32 


72 71 


(2212) 


16 7^71 
V o 


(3222) 


32 „ 


(2310) 




(2311) 


-16 




(3301) 


-167771 


(3321) 


-8 Vir 71 ^ 


(2312) 


-f 742 71 


(2332) 


64 _ 


(3322) 


-8- 


/I- 


(3323) 


16 \ 


/I- 


(3401) 


48 7i 


(3421) 


-8^71 


(3422) 


S /T0"^r 
-8^-71 


(3423) 


-16 
























= 4 














(2222) 


_96 ^/Xtt 


(3212) 


-f 75 71 


(3232) 


48 


/?" 


(2321) 


144 




(3311) 


24^71 


(2322) 


48 ^§71 


(3312) 


24^71 


(3332) 


f 75 71 


(2323) 


48 
5 \ 




(3333) 


24y / ^7i 


(3410) 


-32 7? f 


(3411) 


-24 


(3412) 


8 
7 


/330ti 


(3432) 


144 


/#- 


(3433) 


— 7^71 


(3434) 
































K 


= 5 














(2332) 


80 /22" 

-T V T 77 


(3322) 


-16 vH" ^ 


(3323) 


-16 


/5B",_ 
V21 T 


(3421) 


16 \ 


/f 71 


(3422) 


16 7f 71 


(3423) 
































K 


= 6 














(3333) 


40 TT 


(3432) 


160 /65"^ 
V 33 W 


(3433) 


-40 


vW 71 " 


(3434) 


_40 


71- 
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TABLE VI. C™' K (L'j'Lj) for L max = 3 



( L 3 L 3) 


Lt 




Ct 


l-L J A?) 


Lt 


1 T ' A' T A\ 
( L 3 L 3) 


Lt 


( T ' A' T A\ 
( L 3 L 3) 


Lt 










if 


= 










(1010) 


16 

T 


(1111) 


16 

71 77 


(2121) 


16 fo 


(1212) 


16 /F 

T v5vr 


(2222) 


16 

7?* 


(6262) 


— V5-7T 


(2626) 


16 A? 


(3333) 


16 

77* 


( O A O A ^ 

(3434) 


48 














if 


= 1 










(2110) 


n /TT 


(21H) 


-12 ^§ Tf 


(1221) 


a m 
-f v/6tt 


(2211) 




(3221) 


5 V 7" 


(2212) 


-12vT»r 


(3222) 




(2312) 


94 /TT 
4p V147T 


(2332) 


32 /2~ 
~35 V 3 71 " 


(3322) 


1 9& 
-W2= TT 

vTos 


(3323) 




(3423) 


f v!^ 






















if 


= 2 










(1111) 




(2121) 




(1210) 




(3210) 


16 71 TT 


(1211) 


4\/T0 7r 


(2221) 


-4a/2 7t 


(3211) 


-16 


(1212) 


|V70 rr 


(2222) 




(3212) 




(3232) 


-48 /TO 
7 V 7 


(2321) 




(3311) 


32 


(2322) 




(3312) 


-16^ 


(3332) 


-^^lorr 


(2323) 


-32 


(3333) 




(3412) 




(3432) 


4 /30"„ 

-7 V T 77 


(3433) 




(3434) 


30 /55"^ 

- TV7 ,r 















if = 3 



(1221) 


_ 16 . 




(2211) 


-16 




(3221) 


-if- TT 


(2212) 


-16- 


/14 
V/ 15 W 


(3222) 


sv 7 ?^ 


(2310) 


16 v 




(2311) 


16 \ 


/I- 


(3321) 




(2312) 


16 

T ^ 


/Tirr 


(2332) 


16 /2"„ 

T V 3 77 


(3322) 


-4 % 


/I- 


(3323) 


8 V 




(3421) 




(3422) 


-4 , 


/I 77 


(3423) 





if = 4 



(2222) 


64 y 




(3212) 


f 730 TT 


(3232) 


7 V 7 " 


(2321) 


_ 96 




(3311) 




36 _ 
7?* 


(2322) 


-32 




(3312) 


-12 


(3332) 




(2323) 


— — 1 


/?* 


(3333) 


4, 




(3410) 


24 \ 


/f rr 


(3411) 


12 v 7 ?* 


(3412) 




(3432) 


24 

— V 




(3433) 


12 
7 


/30"^r 


(3434) 


36 

7 V 


77 n 























if = 5 


(2332) 
(3423) 


80 

7 V 

8 

7 V 


/¥- 


(3322) 




(3323) 8 v 




(3421) 


-16 , 


/¥- 


(3422) 


-8 


v — 77 


if = 6 


(3333) 


-30, 


y 77 n 


(3432) 


40 /T95"„ 

T V TT 77 


(3433) 10 , 




(3434) 


30 

T V 


/65"^r 

n 71 ^ 
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TABLE VII. C 



' (L'j'Lj) for L max = 3 



(L'j'Lj) 


Clt 


(L'j'Lj) 


Clt 


(L'j'Lj) C LT 


(L'j'Lj) 


Clt 


(L'j'Lj) 


Clt 


K = 1 



(1021) 


-16 7§tt 


(0110) 


-1672 tt 


(2110) 


16 „ 


(0111) 


-1676 ti 


(1121) 


24 _ 


(2111) 




(0112) 




(1122) 


-24 J\ 7T 

V 


(2112) 


-I- 


(2132) 


96 /3"_ 


(1221) 




(2211) 


24 „. 
7= 7T 


(3221) 


-f v 7 ?- 


(1222) 


24 _ 


(2212) 


8 7T 7T 


(2232) 


32 „ 


(3222) 


i6 y|)r 


(1223) 


-f 77. 


(2233) 


-64 v^tt 


(3223) 




(2312) 


-f 721 tt 


(2332) 


32 _ 
— 71 

35 


(3322) 




(2333) 


32_ 

^35 ^ 


(3323) 


le^Xrr 


(2334) 


288 ^. 


(3423) 


144 /T_ 

Vs" 















a: = 2 



(1012) 


-16 


TT- 


(1032) 


64 
3 


TT- 


(0121) 


16 76 7T 


(1111) 


875 ti 


(2121) 


-8 VI 71 


(0122) 


16 v 


'TO 71 


(1112) 


8^ 


/15ti 


(1132) 


— \/^7r 


(2122) 


8tt 


(0123) 


16^1471 


(1133) 


64 

3 V 


/-7T 


(2123) 






(1210) 


-leyfrr 


(3210) 


-16 - 


(1211) 


-8^71 


(2221) 




Stt 


(3211) 


16, 


/it 77 


(1212) 




(1232) 




(2222) 


-8 7?- 


(3212) 


— — , 




(3232) 


32 
7 


v 7 ?- 


(1233) 


64 /F^ 
T V 7^ 


(2223) 


i6 7?- 


(3233) 


f TIOti 


(1234) 


f v 




(3234) 


8 
7 


v 7 !- 


(2321) 




(3311) 


-32 7X7T 


(2322) 


-i6 vT 77 


(3312) 


16 v 


/f- 


(3332) 


8 
7 


v^Ott 


(2323) 


-32 7S- 


(3333) 


-4y / ^7r 


(3334) 


20 rs - 

— V 3 - 


(3412) 


_ 18 . 


v/TOtt 


(3432) 


8 
7 


/To _ 
V 21 77 


(3433) 


20 /6"„ 
-T V 3 77 


(3434) 


_20 ^JW ^ 







(1023) 


64 ff - 

TVs 1 


(0132) 


-167T0ti 


(1122) 


64 /T_ 

— T Vs" 


(2112) 


-f 72171 


(2132) 


48 ~ 


(0133) 


-16713 77 


(1123) 


„64 m 

3 V 5 " 


(2133) 


-12 7| 7T 


(0134) 


-48 


72 71 


(2134) 


12 _ 


(1221) 


f 7771 


(2211) 


32 


(3221) 


-f 72 71 


(1222) 


64 
3 \ 


/14 «- 
/ — 71 


(2212) 


32 7171 


(2232) 


24^71 


(3222) 




(1223) 


f 7f 7T 


(2233) 


4 V 


/ "21"„ r 
"5" 71 




(3223) 


32_ 

573 * 


(2234) 


-4 7T5ti 


(2310) 


-327^ 


(2311) 


-32 71- 


(3321) 




/?- 


(2312) 


-f 714ti 


(2332) 


f 76 71 


(3322) 


-47!- 


(2333) 


STfTT 


(3323) 


8 V 


1- 


(2334) 




(3421) 


-4 7! Ti 


(3422) 


-4^71 


(3423) 


-svl- 




















K 


= 4 












(1034) 


-24 Ti 


(1133) 


36^71 


(2123) 


144 71^ 


(1134) 


60 A 


/!- 


(1232) 


-if 76 71 


(2222) 


-32^171 


(3212) 


-242 71 


(3232) 


fv 7 ?- 


(1233) 


-60 


7f- 


(2223) 


-leTf 7T 


(3233) 


-f 76 71 


(1234) 


-f TTTti 


(3234) 


360 /~2~„. 
— V 77 - 


(2321) 


144, 




(3311) 


12 7f- 


(2322) 


16 71 


(3312) 


60 ti 


(3332) 


f 76 71 


(2323) 


16 \ 


' 35 " 


(3333) 


§71- 


(3334) 


360 _ 
7vTT- 


(3410) 


-16 7f 71 


(3411) 


-60 7| 71 


(3412) 


20 
7 


766 71 


(3432) 


360 rr ' 

— Vr? 71 


(3433) 


360 

rVn 1 


(3434) 


7 V 77 





























if 


= 5 
















(2134) 


-48, 


/¥- 


(2233) 


16 7f 71 


(3223) 




64 

T V 


3 - 


(2234) 


16 \ 


/-7T 


(2332) 


16 
7 1 


/330ti 


(3322) 


-32, 


/it- 


(2333) 


-16 7?- 


(3323) 




-32 , 


/ir- 


(2334) 


16 
7 A 


/429"^ 


(3421) 


64 v 




(3422) 


32 y 


/ 21- 


(3423) 


32 /286"^ 

— v — - 


































K 


= 6 
















(3234) 


-80^ 


1 231 


(3333) 


20 71- 


(3334) 




20 v 


/9T™. 


(3432) 


-80 A 


/~65~ 

/ 231 


(3433) 


-20* 


\/33 - 


(3434) 


-20, 


/77- 
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TABLE VIII. C T °' K (L'j'Lj) for L max = 3 


(L'j'Lj) 


Ctt 


(L'j'Lj) 


Ctt 




Ctt 




Ctt 




Ctt 












— 2 










(1111) 


— 4\/5 7T 


(2121) 


12 7T 


(1210) 




(3210) 


8^/f vr 
3 


(1211) 


4\/l5~7r 


(2221) 


4^77 


(3211) 




(1212) 




(2222) 


4^/f TT 


(3212) 


8 y/Bir 


3 


21 


(3232) 




(2321) 


Sv 7 !^ 


(3311) 


Q / 10 _ 


(2322) 


8^1 7T 


(3312) 




7 


3 




3 


(3332) 
(3433) 


8 VTbTT 


(2323) 
(3434) 


48 

io yip"^ 


(3333) 




(3412) 


8 v/15tt 


(3432) 


8^/f vr 


7 

10 vTOtt 


7 


7 


7 


7 















A = 3 



(1221) 


-8^/frr 


(2211) 


8 s/TItt 


(3221) 




4^1* 


(2212) 


16 s/7tt 


(3222) 


-4^3 71 


3 




3 


(2310) 


8 VTAtt 


(2311) 


16 y/7-jr 


(3321) 




742 7T 


(2312) 


le^Tr 


(2332) 


8tt 


3 


3 




^5 


(3322) 


A/TItT 


(3323) 


-2\/14tt 


(3421) 




a/671" 


(3422) 


5^2 TT 


(3423) 


2^22 77 












A 


= 4 










(2222) 


32 7T 


(3212) 


60 \/3t 
7 


(3232) 




80 TT 

7 v"f 


(2321) 


-48 yx^ 


(3311) 




(2322) 


-16 ^/f 7T 


(3312) 


-15 VT TT 


(3332) 




40 %/2 7r 
7 


(2323) 


-16 v/fTT 


(3333) 




(3410) 




(3411) 


15 vT 


(3412) 




15 v^tt 


(3432) 




(3433) 


120 \/^Jr 




7 


7 


7 


(3434) 


72 ^/ff TT 

7 






























A 


= 5 










(2332) 




(3322) 




(3323) 




4VUTT 


(3421) 


-4^f rr 


(3422) 


-4^77 


(3423) 


_4,/in: 7r 

41 V 35 " 






























A 


= 6 










(3333) 




(3432) 


40 V 7 ! t 


(3433) 




o /455"^ 

v "TT" 


(3434) 


io v¥- 







TABLE IX. ©ooV/w) for j™* = 4 













V 




V 


(1130) 


— cos ei+V2 sin ei 
6 


(2120) 


1 

2 \/3 


(3130) 


\/2 cos ei+sin £4 


(1211) 


10 cos £4 cos £2+sin £4 ( — V2 cos £2 + 6 y/3 sin £2) 


6 


60 


(1231) 


— 10 cos £2 s i n e l +cos £4 ( — \/2 cos £2+6 v^3 sin 62) 
60 


(2221) 


1 

\/30 


(3211) 


6 cos 62 sin £4 + ( — 10 cos £4 + %/2 sin £4) sin 62 


(3231) 


10 sin£4 sin£2+cos£i (6 \/3 cos £2 + v^2 sin £2 ) 


60 


60 


(4241) 


1 


(1312) 


21 \/2 cos £2 cos £3 + sin £2 ( — ~</3 cos £3+30 sin £3) 


2 v/l0 


210 


(1332) 


— 21 V2 cos 63 sin £2 +cos £2 (-v3 cos £3+30 sin £3) 
210 


(2322) 


1 rs~ 

2 V 35 


(3312) 


30 cos £3 sin £2 + ( — 21 \/2 cos £2 + \/3 sin £2) sin £3 


(3332) 


21 V2 sin £2 sin £3 + cos £2 (30 cos C3 + \/3 sin £3 ) 


210 


210 


(4342) 


V 105 


(1413) 


18 \/3 cos £3 cos £4 + sin £3 (— cos £4 + 14 %/5 sin £4) 
252 


(1433) 


— 18 \/3 cos £4 sin £3+cos £3 (— cos £4 + 14 \/5~ sin £4) 
252 


(2423) 


1 

3 VT 


(3413) 


14 \/5 cos £4 sin £3 + ( — 18 cos £3+sin £3) sin £4 


(3433) 


18 sin £3 sin £4 + cos £3 (14 cos £4+sin £4) 


252 


252 


(4443) 


1 TT 
4 V 21 
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TABLE X. ViS(fi'j'fij) for j max = 4 




23 


(m'/w) 


23 



(1111) 

(3111) 
(4141) 
(1212) 
(2222) 
(3212) 
(4242) 
(1331) 
(2321) 
(3311) 
(3313) 
(4341) 
(1412) 
(1414) 
(2424) 
(3432) 
(3434) 
(4444) 



sin £4 ( — 4 cos £4 + V2 sin £4 ) 

~~ 4\/T5 

-4 cos 2 + sin 2 e t 
8 \/l5 
1 

2 \/30 

sin 2 £2 

40 v^35 ~ 

1 

_ Vm 

4 y/105 cos 2 £ 2 -%/70 sin 2 £3 
1400 
_ 1 
2 v/70 

cos €3 sin 61 -•/To cos €1 (\/3 cos £3 —9 sin €3) 
210 

1 /X 

2 V 35 

9 \/T0 cos €3 sin £4 + \/T5~ ( — 7 cos e\ + \/2 sin £4 ) sin 63 
210 

_ -12 cos 2 e 3 + y/3 sin 2 £3 
168 V35 
1 

V70 

27 cos £2 cos £4 + sin 6 2 ( — cos £4 + 5 ^/S sin 64) 
90 V7 

-111 y/S+y/5 cos 2 €4+20 sin 2 £4 
360 \/77 

_ 1 /X 

3 V 77 

27 sin £2 sin e4 + \/6 cos £2 (5 vg cos £4 + sin £4) 
90 

111 Vg+vg cos 2 £4+20 sin 2 £4 
360 V77 



(2121) 
(3131) 
(1230) 
(2220) 
(3230) 
(3232) 
(1311) 
(1313) 
(2323) 
(3331) 
(3333) 
(4343) 
(1432) 
(2422) 
(3412) 
(3414) 
(4442) 



i_ 

VWi 

cos £1 (\/2 cos £4+4 sin £1 ) 
~~ 4s/l5 

— (\/2 cos £2) + sin £2 
10 
1 

2V5 

\/3 cos £2 + \/2 sin £2 

To 

_ 15 \/2+\/2 cos 2 £ 2 +4 y/3 sin 2 £ 2 
40 v/35 

7v / 15 COS €l COS £3 -K/10 sin ei (-(y/3 cos £3) + 9 sin £3) 
210 

-49 y/S+v'S cos 2 £3 + 12 sin 2 £3 
168 a/35 
1 

vT05 

7 \/l5 sin £1 sin £3 + \/l(J cos £4 (9 cos £3 + \/3 sin £3) 
210 

49 VZ+VZ cos 2 £3 + 12 sin 2 £3 
168 v/35 

— I /JT 

4 V 35 

27 cos £4 sin £2 + v / 6 cos £2 (cos £4 — 5 vE sin £4) 
~~ 90 \/7 

1 

V70 

5 \/30 cos £4 sin £2 + ( — 27 cos £2 + \/6 sin £2) sin £4 
90 V7 

-20 cos 2 £4 + \/5 sin 2 £4 
360 \/77 
1 

2 v^T 



TABLE XL 2? 3 oV/ W -) for j ma:c = 4 













V 




V 


(1211) 


9 cos £2 sin £i + %/3 (5 cos £4 —2 \f2 sin £4) sin £2 


(1231) 


— 5 \/3 sin £4 sin £2+cos £4 (9 cos £2—2 V& sin £2) 


30 V7 


30 y/7 


(2221) 


1 rr 

2 V 35 


(3211) 


5 y/Z cos £4 cos £2 —sin £4(2 V& cos £2+9 sin £2) 
30 VT 


(3231) 


5 \/3 cos £2 sin £4 +cos £4 (2 \/6 cos £2+9 sin £2) 


(4241) 


1 


30 \/7 


2 V35 


(1330) 


— v/3 cos £3+2 sin £3 ^ 


(1312) 


2 sin £2 (4 \/3 cos £3 — 15 sin £3 ) + %/2 cos £2 ( — 18 cos £3 + 5 \/3 sin £3) 




420 


(1332) 


cos £2 (8 \/3 cos £3—30 sin £3) + \/2 sin £2 (18 cos £3 —5 \/3 sin £3) 


(2320) 


1 


420 


2 \/7 


(2322) 


1 

V105 


(3330) 


2 cos £3 + \/3 sin £3 
14 


(3312) 


cos £2 (5 cos £3 + 18 sin £3) — 2 sin£2 (15 cos £3+4 sin £3 J 


(3332) 


\/2 sin £2 (5 cos £3 + 18 sin£3) + 2 cos £2 (15 cos £3 +4 sin £3) 


420 


420 


(4342) 


1 


(1411) 


6 cos £4 cos £4 + s/2 sin £4 (— cos £4 + 2 sin £4) 


2 V210 


12 V21 


(1431) 


6 cos £4 sin £4 + \/2 cos £4 (cos £4 — 2 v^5 sin £4) 


(1413) 


9 sin £3 (cos £4 — 2 \/5 sin £4) + 2 y/Z cos £3 ( — 11 cos £4 + \/h sin £4) 


12 \/2T 


126 V22 


(1433) 


9 cos €3 (cos €4 — 2 \/5 sin £4) — 2 \/3 sin £3 (—11 cos £4 + \/h sin £4) 


(2421) 


1 


126 x/22 


3 s/7 


(2423) 


1 

VT54 


(3411) 


2 \/T0 cos £4 sin £4 + ( — 6 cos £4 + \/2 sin £4) sin £4 
12 ^2T 


(3431) 


6 sin£4 sin £4 + \/2 cos £4 (2 cos £4+sin £4) 


(3413) 


— 9 sin £3 (2 \/5 cos £4+sin £4) + 2 \/Z cos £3 (\/5 cos £4 + 11 sin £4) 


12 V21 


126 \/22 


(3433) 


9 cos £3 (2 V5 cos £4+sin £4) + 2 v3 sin £3 (\/5 cos £4 + 11 sin £4) 


(4441) 


1 nr 


126 y/22 


6 V 14 
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TABLE XII. XtfoViVj) for j ma * = 4 



W'w) 



(1212) 
(3212) 
(4242) 
(1331) 
(2321) 
(3311) 
(3313) 
(4341) 
(1430) 
(1412) 
(1432) 
(2420) 
(2424) 
(3412) 
(3432) 
(3414) 
(4442) 



sin £2 sin 2 £2 

3 V7U vT05 

cos 2 £2 i sin 2 €2 

7l05 6 7?0 

_ 1 /X 

3 V 35 

— 14 \/3 sin £4 sin £3+cos €1 (18 \Z2 cos £3 —5 \Z6 sin €3) 
252 
1 

Zs/7 

14 \/3 cos £4 cos £ 3 — -\/2 sin £4 (5 \/3 cos £3 +18 sin £3) 
252 

5 ( — 4 V3 cos 2 €3+sin 2 €3 ) 
84 \/l 54 
1 

2 V^2 
— 2 cos £4 + \/5" sin 64 
18 

\/231 sin (£2 (5 cos £4—4 sin £4) + \/154 cos €2 ( — 55 cos €4 + 14 \/5 sin £4) 
13860 

\/2 sin €2(55 cos £4 — 14 \/5 sin £4 J + 6 \/3 cos £2(5 cos £4—4 \/5 sin £4) 
___ 

1 



v/2002 

-6 \/3 sin £2 (4 \/5 cos £4+5 sin £4) + \/2 cos £2 (14 \/5 cos £4+55 sin £4) 

180 Vrf 

6 \/3 cos £2 (4 \/5~ cos £4+5 sin £4) + %/2" sin £2 (14 \/5~ cos £4+55 sin £4) 

180 Vrf 

— 4 \/5" cos 2 £4+sin2 £4 
12 \/2002 
1 

2 v'462 



(2222) ^ 

(WWl cos£ 2 2 , sin2£ 2 

3V-TO + s/l05 
^211) 18 -v/2 cos £3 sin £1 + \/3 (14 cos £1 —5 V2 sin £4) sin £3 

/iqrq'i -49+5 cos 2 £ 3 + 20 Vz sin 2 £3 

84V^54 

(2323) _ ^ 

/qqqi\ — 14 v3 cos 63 sin — \/2 cos (5 v3 cos 63 + 18 sin 63) 
' 252 
49+5 cos 2 £3+20 \/3 sin 2 £3 
84 i/l54 



(3333) 
(4343) 



(1414) 
(2422) 
(3430) 



(3434) 
(4444) 



6 VT54 



-27+cos 2 £4+4 Vs sin 2 £4 
12 \/2002 

_ 3 a/t7 

\/5 cos €4 + 2 sin £4 
18 



27+cos 2 £4+4 \/5 sin 2 £4 
12 v'2002 
3 

2 v / 2002 



(1413) 
(1433) 



TABLE XIII. T>$(n'j'nj) for 



(1312) —5 cos £3 sin ^2 a/33 cos sin 63+3 \/22 sin 62 s i n € 3 (1332) 7 a/33 sin £2 s i n fe3+cos €2 (~5 a/66 cos £3 + 3 vgg sin £3) 

(2322) - (3312) —7 a/33 cos €2 cos €3 + \/22 sin £2 (3 cos €3+5 -a/3 sin 63) 

(3332) 7 a/33 cos €3 sin £2 + a/22 cos €2 (3 cos £3+5 V3 sin €3) (4342) — \J - 

(1411) "a/10 cos 64 sin 61 +(3 cos ei — a/2 sin ei ) sin €4 (1431) C ° S 61 ^ V ^ C ° S e 4 ~ s ^ n e 4) ~3 s ^ n e l s ^ n e 4 



T7m FVW 

2 \/3 cos 63 (13 a/5 cos £4—28 sin £4) + 9 sin €3 ( — 5 a/5 cos £4 + 14 sin £4) 
252 V143 

— 9 cos £3 (5 a/5 cos €4 — 14 sin £4) + 2 a/3 sin £3 ( — 13 \/5 cos £4+28 sin £4) 
252 V143 

(2421) -iy^ _ ( 24 23) a/5ot" 

3 cos £4 cos £4 — \/2" sin £4 (cos £4 + v5 sin£4) Q 1 \ ^ cos e 4 sin £4 +v / 2 cos £4 (cos £4 + \/5 sin £4) 



(3411) 3 cos£4 cos£ 4 -V2 sin£4 (cos£ 4 + Vb sin€ 4 J (3431) 

(3413) 
(3433) 

(4441) ^- (4443) 



6 \/33 



9 sin £3 (14 cos £4 + 5 V5 sin £4)— 2 V3 cos £3 (28 cos £4 + 13 V5 sin £4) 
252 V143 

9 cos £ 3 (14 cos £4+5 VS sin £4)+2 \/3 sin £3 (28 cos £4 + 13 sin £4) 
252 \/143 
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TABLE XIV. 2>o 6 oV/«) for jma, = 4 
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V 



(1313) 
(3313) 
(4343) 
(1432) 
(2422) 
(3412) 
(3414) 
(4442) 



5 sin €3 ( — 12 cos £3 + \/3" sin £3) 

~~ 12 vToUI 

_ 5 ( — 12 cos 2 e 3 + \/3 sin 2 €3) 
24 vTOOl 
5 / 3 
4 V 1001 

3 sin €2 sin €4 , cos £2 ( — 50 cos £4 + 7 %/5 sin €4) 
vT430 30 V^29 

2 \Zt33 



3 cos £2 cos €4 I sin £ 

vTiiso 



(7 v5 cos e 4 + 50 sin €4) 



30 V429 
7 ( — 20 cos 2 £4 + \/5 sin 2 £4) 
360 Vl43 
/~~T~ 
V 429 



(2323) 

(3333) 
(1412) 
(1414) 
(2424) 
(3432) 
(3434) 
(4444) 



v/3003 

— 5 cos £3(^/3 cos £ 3 + 12 sin £3 ) 
12 \/l00l 

5 cos £4 sin £2 
3 \/229 



3 cos £2 si n £4 1 7 sin £2 sin £4 
V1430 : 6 V2145 



-57 \/5 + 7 %/5 cos 2 £ 4 + 140 sin 2 £4 
360 V T43 

— 3 \Zl33 



3 cos 64 sin 62 



cos 62 (7 \/5 cos €4+50 sin 64) 



/1430 30 v^t29 

57 V5+7 V5 cos 2 £ 4 + 140 sin 2 £4 
360 V^33 
1 

12 v/715 



TABLE XV. ©JoV/w) for W = 4 



(m'J'm) 


£> 






(1413) 
(2423) 
(3433) 


7 \/5" cos 64 sin 63 + (9 \/3 cos £3—4 sin £3 ) sin £4 


(1433) 
(3413) 
(4443) 


cos £ 3 (7 \/5 cos €4—4 sin €4) — 9 \/3 sin 63 sin 64 


18 V143 
1 /~~55~ 
6 V 143 

9 "\/3 cos €4 sin £ 3 +cos 63 (4 cos £4 + 7 \/5 sin 64 ) 
18 \/l43 


18 V143 

9 \/3 cos 63 cos £4 — sin £3 (4 cos £4+7 \/5 sin £4) 
18 v/143 

1 AT" 

2 V 429 



TABLE XVI. O 8 °(/i'iVi) for jm* x = 4 



(mYw) 


£> 


(m'j'mj) 
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(1414) 
(3414) 
(4444) 


7 sin £4 ( — 20 cos £4 + \/5 sin £4) 
15 \/4862 
7 (-20 cos 2 £4 + ^ sin 2 £4) 


(2424) 
(3434) 


7 / s - 

3 V 4862 
7 cos £4 ( v'S cos £4 + 20 sin £4) 


30 \/4862" 
14/2 
3 V 12155 


15 \/4862 




FIG. 1. Geometry of exclusive electron-deuteron scattering with polarized electrons and an oriented deuteron target. The 
relative n-p momentum, denoted by p np , is characterized by angles 9 = 9 np and <p = 4> np where the deuteron orientation axis, 
denoted by d, is specified by angles 9d and <f>d- 
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